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Abstract - Recent results from Chih-Scull show that the x-homotopy relation on finite
graphs can be expressed via a sequence of “spider moves” which shift a single vertex at a
time. In this paper we study a “spider web graph” which encodes exactly these spider moves
between graph homomorphisms. We show how composition of graph homomorphisms relate
to the spider web, study the components of spider webs for bipartite and tree graphs, and
finish by giving an explicit description of the spider web for homomorphisms from a bipartite
graph to a star graph.
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1 Introduction

In this paper, we study graphs that we call spider web graphs which are defined by
looking at all graph homomorphisms from graph G to graph H. These are related to
x-homotopy of graphs as studied by [0, 10, 3], 4], 2], and the main motivation for their
definition comes from a result of Chih-Scull [2] that shows that any x-homotopy from a
finite graph can be represented as a series of spider moves. The spider web graph encodes
this relationship, with vertices defined by graph homomorphisms and edges defined by
spider moves. The spider web graph is a subgraph of the exponential graph. Thus spider
web graphs arise naturally out of ideas in the literature, but have not themselves appeared
widely. Spider web graphs for complete graphs are studied in [9], and some ideas in this
paper (particularly on bipartite graphs) relate to ideas from [7], although that work did
not look at spider webs directly.

In this paper, we look at how spider web graphs interact with composition of graph
homomorphisms, and show that composition may not preserve spider moves, but instead
creates a finite sequence of spider moves. We then examine the structure of spider web
graphs for bipartite graphs, and show that each connected component of the spider web
consists of graph homomorphisms which act the same on the bipartition. We use this to
enumerate the number of connected components when our bipartite graph is a tree. We
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end by giving an explicit description of spider web graphs when the codomain graph is a
star graph, connecting these to the well-known Hamming graphs.

Our paper is structured as follows. Section 2 is general background and Section 3 is
devoted to the definition and examples of our main objects of study, the spider web graphs.
Section 4 looks at composition of graph homomorphisms. Section 5 studies spider webs
of bipartite graphs, Section 6 specializes to trees, and then Section 7 further specializes
to the case when the codomain is a star graph.

2 Background: Graphs

In this section we give definitions and basic properties of graphs which we will be using
throughout the paper. We use standard graph theory terminology as found in [IT, [6].

Definition 2.1 [0] A graph consists of a set V(G) of vertices and a set E(G) of edges
connecting them, where each edge is given by an unordered set of two vertices.

Example 2.2 Here are some examples of graphs.
03 54 K5 T6

In this work, we will assume that all graphs have a finite set of vertices (and
consequently also edges). If there is an edge from v; to vy, we say v; is adjacent to
vy and we use notation v; ~ wvy. If v; ~ v; we call that edge a loop. We will assume
that every vertex is adjacent to at least one other vertex (possibly itself), so there are no
isolated vertices.

Definition 2.3 A walk is a sequence of vertices vy, v, ...v, such that v; ~ v;y1. A cycle
18 a walk in which vi = v, and all other vertices are unique.

Definition 2.4 A graph G is connected if for each pair of vertices x,y € V(G), there
exists a walk from x to y in G. The connected components of a graph G are its
maximal connected subgraphs. We write G = Hy + Hy + ... + H,, where H; are the
connected components of G.

Definition 2.5 A graph G is bipartite if there is a way to partition the vertices V(G) =
G U Gy such that if x,y € G; then x ~ y: vertices from the same subset cannot be
adjacent. For any bipartite graph G, we will denote the bipartition as V(G) = G1 U Gy
unless otherwise stated.

An intuitive way to look at bipartite graphs is that the vertices of a bipartite graph
can be colored in with two different colors, such that no two vertices of the same color
share an edge.



Example 2.6 In Example 2.2 the graphs Sy and Ty are bipartite. In each, the square
vertices are one bipartition and the round vertices are the other. The graphs C5 and Kj
are not bipartite.

Theorem 2.7 [8, [11, [7] A graph G is bipartite if and only if it has no odd cycles.
Moreover, if G is a connected bipartite graph and v,w € V(G) then there is an even
walk from v to w if and only if v,w are in the same partition of G and there is an odd
walk from v to w if and only if v,w are in opposite partitions of G. If G is connected and
not bipartite, then for each pair of vertices v,w € G there is both an even walk and an
odd walk from v to w.

Our main objects of interest, the spider web graphs, are defined using graph homomorphisms.

Definition 2.8 [6/ Let G, H be graphs. A graph homomorphism f: G — H is a sel
map f:V(G) — V(H) such that if vy ~ vy € E(G) then f(vy) ~ f(ve) € E(H).

Example 2.9 Let Cs, Sy be the graphs shown below. Define f : C4 — Sy by f(0) =
b, f(2) = ¢, f(4) =d, and f(1) = f(3) = f(5) = a. Two representations of f are shown.
The rightmost representation style will be used throughout this paper: the codomain
graph is drawn, with each vertex labeled by the list of vertices from the domain which
are mapped there.

2 1 c X 2 "
f defined which can N
3 0o — b 3 0 0
a by . be drawn as
4 5 d 4
Ce Sy 4 f !

Observation 2.10 A graph G is a bipartite graph if and only if there is a graph homomorphism
f: G — Ky, where Ky is the graph with two vertices, {0,1} connected by a single edge.
The bipartition can be defined by the pre-images of the two vertices.

Definition 2.11 The graphs G and H are tsomorphic, denoted G = H, if there exists
a graph homomorphism ¢ : V(G) — V(H) which is bijective on vertices and satisfies
u~wv € E(G) if and only if p(u) ~ p(v) € E(H) (so ¢ is also bijective on edges). The
homomorphism ¢ is called an isomorphism between G and H .

3 Spider Webs

The object of study throughout this paper is the structure of the spider web graph
W (G, H) associated with graphs G, H. To define this graph, we begin with the following.



Definition 3.1 [2] Let f,g : G — H be graph homomorphisms. We say f and g are a
spider pair if there exists a single vertex x such that f(x) # g(x), so that f(y) = g(y)
for ally # x. If x ~ x we also require that f(x) ~ g(x). When we replace f with g we
refer to it as a spider mowve.

Example 3.2 Recall Cg, Sy, and f : Cs — 54 from Example 2.9, Define g : Cs — 9,
by ¢(0) = b, g(2) = g(4) = ¢, and g(1) = ¢(3) = g(5) = a (shown below). The graph
homomorphisms f, g are a spider pair, since they agree on all vertices except for 4. In
the figure below, each graph homomorphism is represented by labelling each vertex in Sy
with names of the vertices in (s which are sent there.

2 % 24 )
Ny spider NG
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Definition 3.3 The spider web W (G, H) for graphs G, H is defined by:
o vertices of W(G, H) are defined by graph homomorphisms f: G — H
e there is an edge f ~ g in W(G, H) if f,g are a spider pair.

Note that the resulting spider web graph W (G, H) may contain isolated vertices, even
if G, H do not.

Example 3.4 We create W (K, C3) with vertices representing graph homomorphisms
from the complete graph K, to the cycle graph (5. First, we enumerate the graph
homomorphisms from K5 to Cs:

1 : ; 1 :
St D DD D D B
K o C I S S S

2 3 0 1 2 3 4 5

Next, we identify which graph homomorphisms are spider pairs. Then we create a
new graph where each vertex represents a graph homomorphism, and there is an edge
between two vertices if and only if they are a spider pair. We see that W (K5, C3) forms
a 6-cycle.
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Definition 3.5 We define an equivalence relation on graph homomorphisms as follows:
A walk in W(G, H) defines a finite sequence of spider moves connecting f and g. If such
a walk exists, then f,g are in the same connected component of W(G, H) and we say that

f~g.

It is shown in [2] that f ~ ¢ if and only if f, g are x-homotopic in the sense of [6, [10].
Thus Definition gives an alternate definition of the x-homotopy relation. The spider
web W (G, H) is a subgraph of the exponential graph H®, and the connected components
of W(G, H) are the connected components of HY which contain looped vertices. Because
of this connection, some of the results in this paper follow from results about x-homotopy.
We will make note of where this happens, but include proofs based on spider moves to
keep this paper self-contained.

4 Spider Moves and Composition

This section examines the relationship between spider moves and composition of graph
homomorphisms. We show that if there is a finite sequence of spider moves between
two graph homomorphisms f and g, then there will be a finite sequence of spider moves
between their compositions with a third graph homomorphism. Results in this section
follow indirectly from results about x-homotopy in [2], without the explicit details about
the relevant spider moves.

Theorem 4.1 Suppose the graph homomorphisms f,g : G — K are a spider pair, and
0: K — H s a graph homomorphism. Then either 0f = 0g or 0f,0g are a spider pair.

0f
G % —H
\gk« /
K

Proof. Since f,g : G — K are a spider pair there is a unique v € V(G) such that
f(v) # g(v) and f(w) = g(w) for all w # v. Then Of(w) = Og(w) for all w # v. If
0f(v) = 0g(v) then 6f = 0g. If 0f(v) # Og(v) then 6f,0¢g differ on a single vertex v. If
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v ~ v then since f, g are a spider pair, f(v) ~ g(v) so 0(f(v)) ~ 0(g(v)) since 0 is a graph
homomorphism. Hence, 6f and fg are a spider pair. O

Theorem 4.2 Suppose f : G — K is a graph homomorphism and 60,v : K — H are a
spider pair. Then there is a sequence of n spider moves from 0 f to ) f where n is the size
of the pre-image | f~1(x)| for the unique vertex x with 0(x) # (x). Moreover, there is no
shorter sequence of spider moves from 0f to Y f.

of
G ¢/ =H
N
K (U
Proof. Denote f~(z) = {v1,v9,...v,}. Then for any other vertex w # v;, we know that
0f(w) = ¥ f(w). For each 0 < k < n define hy : V(G) — V(H) by hg(w) = 0f(w) =
Pf(w)ifwé f71(z) and:

o) — Of(v;)=0(x) i<n—k
) {zpf(vi):w(x) i>n—k

l [ on [ v | [vn2[vn1 [ vn |
_ _ ho [ 0(x) [ 0(x) [ - | 0(x) | 6(z) | 6(x)
Note that ho = 0f and h, = f. he 0r) | 0 | - | o) | 6lr) | i)
We claim that each hj defines a graph ha 0(z) | () | - | 0(x) | ¥(z) | ¢(x)
homomorphism from G to H and that : : : _ : : :
each hg, hyy1 is a spider pair. by || 0(x) | P(z) | - | P(2) | P(z) | ¢()
o (et praer p b | 0@ | 0@ | o | 0@ | 0@ | v

Table 1: Values of hg(v;)

If w~ v; forw ¢ f~1(z) and v; € f~(z), then hy(v;) is either 0f(v;) or ¢ f(v;), and
hi(w) can be taken to be either 6 f(w) or ¥ f(w) to match. Both 6f and ¢ f are graph
homomorphisms, so taking whichever applies we get h;(w) ~ hy(v;). Lastly, if v; ~ v; for
v, v; € f71(xz) then f(v;) = f(v;) = z and so x must be looped: z ~ z. This means that
both (z) and ¢(x) must be looped, so if hy(v;) = hi(v;) then hy(v;) ~ hi(v;). On the
other hand, if hy(v;) # hi(v;) then one is defined by 6(z) and the other by ¢(x). Since
6,1 are a spider pair, we know that §(z) ~ 1 (z) and hence hy(v;) ~ hi(v;).

Next we show that each hy, hyyq are a spider pair. By construction, hg(v,_x) =
Of (Vi) # Uf(vy_g) = hgr1(vn_), and hg(w) = hgyq(w) for all other vertices. If v,
is looped, then since f is a graph homomorphism, f(v,_x) is also looped, and since 6, v
are a spider pair, hi(v,_x) = 0(f (Vo)) ~ U(f(Vn—k)) = hgs1(va_r). Hence hy, hyq are
a spider pair, and 0f = hg, hy, ..., h,_1, h, = 9 f is a sequence of n spider moves from 6 f
to Y f.

Lastly, because 6 f, v f differ on the image of exactly n vertices, and each spider move
changes the image of exactly one vertex, there cannot fewer than n spider moves from 6 f

toyf. O



Example 4.3 Consider f: G — K and 0,¢ : K — H as defined below: 6,1 are a spider
pair which disagree on the vertex ¢, and f maps two vertices to vertex c.

2 f b 0
o/i\o A by c/\)
50 0 T a c 1 2,3
G K f

b 0 b c b
— spider
A= 1
a c '¢ a a,c
K H 0 (G

Here is a sequence of two spider moves from 6 f to v f:

2 1o 0 2,3 0 3 0
O0—0 spider Q Q spider
—_
o/i\o — by .’ move .u move i:I
3 0 1 f 7/} 1 1,2 1,2,3
G H fo fo

Corollary 4.4 Let G, K, H be graphs with f,g: G — K and 60, : K — H. If f ~ g
and 0 ~ 1, then O0f ~1)g.

Proof. Suppose f ~ g and # ~ . Then there exist hg, hy, ..., h, such f = hg, g = h,,
and each h;, h;1; are a spider pair, and pg, p1, ..., pm such that 8 = pg, b = p,,, and each
pj, Pj+1 are a spider pair. By Theorem , each 0h;, 0h;,, are either equal or a spider
pair, so 6 f ~ 6g. By Theorem [£.2} p;g ~ p;119 so 8g ~ 1pg. Hence 0f ~ 1g. a

5 Spider Webs of Bipartite Graphs

In this section we will show that spider webs respect the partitions of bipartite graphs:
when G, H are bipartite graphs then the spider web W(G, H) consists of two sets of
connected components, which represent the graph homomorphisms which take G, to H;
(and hence G5 to Hj), and the graph homomorphisms which take G to Hy (and Gj to
Hy). We start with the following result, which follows from [6] Proposition 1.7 and can
also be found in [7]. We include a proof here for completeness.

Lemma 5.1 If G, H are connected bipartite graphs, then all graph homomorphisms from
G to H preserve bipartitions.

Proof. Suppose that f : G — H maps a vertex in GG; to a vertex in H;. We will show that
f maps all vertices in (G; to vertices in H; and all vertices in G4 to vertices in Hy. If there is
a walk from v to w in G given by v, x1, s, ..., T,, w, then because graph homomorphisms



preserve edges, f(v), f(z1), f(z2),...., f(x,), f(w) gives a walk of the same length from
f(v) to f(w) in H. Now suppose that v € Gy and let f : G — H such that f(v) € H;.
If v,w are both in Gy, then there is an even walk between them and hence an even walk
between f(v) and f(w), and so by Theorem 2.7, f(w) € H;. Similarly, if w € G, then
there is an odd walk from v to w in G, and consequently an odd walk from f(v) to f(w)
in H, so by Theorem 2.7, f(w) € Ho. O

Example 5.2 Consider the bipartite graphs G and H below, where the bipartitions are
defined by the shape of the vertices (either square or circle). Any graph homomorphism
from G to H will either map squares to squares and circles to circles as in the graph
homomorphism labeled f, or squares to circles and circles to squares as in the graph
homomorphism labeled g.

1 4
0,2 1,3,4
2@5 Iy j\ defined b A
Y y and
3 1 3,4 2 0
G H f 9

Theorem 5.3 Spider web components respect bipartitions: if G, H are connected bipartite
graphs, then all vertices in the same connected component of W (G, H) represent maps
which have the same behavior on bipartitions.

Proof. Let f ~ g, so there is a finite sequence of spider moves from f to g, and suppose
f maps G; to H;. We proceed by induction on the number of spider moves between f
and g. For the base case, if f = g then g maps Gy to H;.

Assume h maps GG; to H; whenever there is a sequence of fewer than n spider moves
from f to h, and suppose there is a sequence of n spider moves from f tog. Let h: G — H
be obtained by applying the first n—1 spider moves to f, so by the inductive hypothesis, h
maps G to Hy. Now g, h are a spider pair so there exists v € V(G) such that g(v) = h(v).
Hence by Lemma 5.1} g and h have the same behavior on bipartitions: ¢ maps G to H;.
O

Notation 5.4 Let G, H be connected bipartite graphs. Let Wi,(G, H) represent the
sub-graph on the vertices which map G; to H; (and Gy to Hy), and let Wi5(G, H) denote

the vertices which map G; to Hs. Since we have shown above that there can be no edges
in W between Wi, and Wiy, we can say W (G, H) = Wy (G, H) + W1o(G, H).

Example 5.5 Shown below are the graphs G, H from Example [5.2] and the spider web
W (G, H), where Wi; maps Gy to Hy (squares to squares) and Wi maps Gy to Hs (squares
to circles). The four graph homomorphisms that make up Wiy are shown in detail to the
right.
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Example 5.6 It is possible for W;; and W5 to consist of multiple components. The web
W (Cs, Cs) of bipartite graphs Cg and Cg is shown below. The three connected components
on the left are W71, which maps squares to squares. The three connected components on
the right are Wi, which maps squares to circles.
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We conclude by showing that these subwebs of the web graph are non-empty, and so
W (G, H) has at least two components when G, H are bipartite.

Theorem 5.7 Let G, H be connected bipartite graphs. Then W11(G, H) and Wi5(G, H)
are each nonempty.

Proof. Let v € Gy and w; ~ wy € H (recall that we disallow the isolated vertex graph).
Since H is bipartite, w, € H; and wy, € H,. Recall from Observation that there
exists f : G — K5 where (G is the preimage of 0 € Ky and G is the preimage of 1 € Ko,
so f(v) = 0. Define 6 : Ky — H by 0(0) = wy, (1) = we. Then 0f(v) = wy so 0f € Wy;.
Define ¢ : Ky — H by 6(0) = ws, 6(1) = wy. Then ¢ f(v) = wy so ¥ f € Wis. O

6 Spider Webs of Tree Graphs

In this section, we examine the number of components of W (G, H) when either G or H
is a tree graph. We give an explicit count of the number of components when G is a tree.

Definition 6.1 [8/ A tree is a connected bipartite graph with no cycles. All trees have at
least two vertices which are only adjacent to a single other vertex. We call these vertices
the leaves of the tree.



Example 6.2 The S; and T below are trees. In each, the triangle vertices are leaves,
and the circular vertices are not leaves.

2 €

First, we examine the case where a bipartite graph is mapped into a tree. We will
need the following lemma, which essentially shows that any tree can be “folded” through
a series of spider moves to resemble K5. Note that this is a spider move version of the
known result that any tree is homotopy equivalent to K.

Lemma 6.3 If T is a tree graph, then there exist graph homomorphisms f : T — Ks,
f*: Ko — T such that f*f ~ idrp.

Proof. We proceed by induction on n, the number of vertices in the tree. For the base
case, if n = 2 then T' = Kj, so we define f = f* = idg, = idy.

Now for n > 2 assume that if T}, is a tree with n vertices, then there exist f : T,, — Kj,
f*: Ky — T, such that f*f ~idp,. Let T,,41 be a tree with n 4 1 vertices. Let v; be a
leaf of T},.1, and let vy be the unique vertex adjacent to v;. Then since T}, is connected
and has at least 3 vertices, there exists a third vertex vz # vy such that v ~ vy. Now
let T,41 — {v1} = T, a tree with n vertices, and define 0 : T,,,; — T}, by 0(v;) = v3 and
O(v) = v if v # vy. Observe that if we define ¢ to be the inclusion map 7,, — 1,41, then
the maps «0 and idr, , are a spider pair.

By the inductive hypothesis there exist f : T, — Ky, f* : Ky — T, such that
f*f ~idr,. Then we consider the maps g = f6 : Tn+1 — Kyand g* = (1) f* : Ky = Tpy1-
By Corollary@ g'g=1f"f0 ~ udr,0 =10 ~idr, O

Example 6.4 An example of Lemma is shown below.

Given /\/\ﬁ by, 3\,%/\/\. /\/\

a,c,e

T Ko f Ko I
Here is a sequence of spider moves from idy to f* f:

b,d
bpldel‘ splder splder splder
/\/\. o /\/\. e /\/\. e /\/,\. iV AVAN
....... a,c,e

idy i

Theorem 6.5 Let G be a connected bipartite graph and let T be a tree graph. Then
W(G,T) has two components, which are exactly Wy and Wis.
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Proof. We show that Wi, is connected. Let 0,¢ € Wi;. From Lemma there exist
f:T — Ky f*: Ky — T such that f*f ~ idyp.

Graph homomorphisms preserve partitions, so f maps the 0

partition T} to one vertex, say 0 € Ky and the partition G P T
T, to the other vertex 1 € K,. Since 6,9 map G to \ /

Ty, the maps f0, fi must take GG; to 0 and G, to 1, so fo=rv %
f0 = fi. Hence by Corollary @4, 6 = idrf ~ f*f0 = K

[ ~idrp = 1.

Similarly, we can show that Wi, is connected. a

Example 6.6 Example [5.5| shows the spider web of a bipartite domain G and a tree
codomain H, with Wy, and Wi, connected.

Next we want to consider the spider web W (T, H),with T' the domain instead of the
codomain. We begin with the following lemma.

Lemma 6.7 Let H be a graph and let f, g : Ko — H. If there is an even walk in H from
f(0) to g(0) then f ~g.

Proof. Suppose there is an even-length walk from f(0) to g(0). We proceed by induction
on the length of this walk. For the base case, if f(0) = ¢(0), then since K5 has only two
vertices either f = g or f, g are a spider pair.

Now assume f ~ g whenever there is a walk of length 2n from f(0) to g(0). Suppose
there is a walk of length 2(n+1) from f(0) to g(0). Denote this walk f(0),v1, ..., Vo, Van+1,9(0).
Define graph homomorphisms hy,hy : Ky — H by hi(0) = vy, hi(l) = venyq, and
h2(0) = g(0), ha(1) = vopns1.

h1 (0) hl(l) = hg(l) hz(O)
@O————— @ ---------------- L @ L ]
1(0) U1 V2n V2n+1 g(0)

There is a walk of length 2n from f(0) to h1(0), and so by the inductive hypothesis
f =~ hy. By construction, hy, hy are a spider pair, so f ~ hy. If g(1) = vg,11 then g = hs.
If g(1) # vg,41 then g, hy are a spider pair. In either case, f ~ g. O

We can now give a description of the connected components of W (T, H).

Theorem 6.8 Let H be a connected graph and let T be a tree. If H is not bipartite
then W (T, H) has one connected component, and if H is bipartite then W (T, H) has two
connected components, which are exactly Wi, and Wis.

Proof. Let 6,1 € W(T, H). Since T is a tree, from Lemma [6.3| we know that there exist
f:T — Ky, f*: Ky — T such that f*f ~ idp. Consider 6f*,¢f*: Ky — H. If H is not
bipartite, then Theorem [2.7] tells us there is an even walk in H from 6 f*(0) to ¥ f*(0).

11



If H is bipartite, we will show that 6 ~ 1) whenever 0,1 €

0
— .,
Wiy or 0,9 € Wiy, Without loss of generality, suppose IT<— v —=H
0,9 € Wiy. Then 0(f*(0)),¢(f*(0)) € Hy, so by Theorem ’\\\ / .
there is an even walk from 6f*(0) to ¢ f*(0). Then . K, vl
Lemma [6.7] shows that 0 f* ~ ¢ f*.

Then by Corollary 4.4} 0 = Oidy ~ 0f*f ~ o f*f ~idr = . O

Example 6.9 Example [3.4] shows the spider web that results from mapping the tree
domain K5 to the non-bipartite codomain Cj, resulting in a single component.

7 Spider Webs with Star Codomains

In this section, we study the structure of the spider web graphs when the codomain is a
particular kind of tree called a star graph.

Definition 7.1 [T1/ Given a natural number n > 2, a star graph S, is a tree graph
with one center verter adjacent to n — 1 other vertices, which we will call leg vertices.

Any star graph is bipartite, and we will denote the partition consisting of the single
center vertex as {c}, and the partition consisting of the leg vertices as L = {{1,0y---{,_1}.

Example 7.2 The star graphs S; and Sg are below
to ' b2
: C :: s c
fl el
ts ta '
This leads to the following notation.

Notation 7.3 Given a bipartite graph G and a star graph .S,,, by Theorem W(G, S,)
will have two components, which are exactly Wi, (G,T') and Wi5(G,T'). In the case where
T = S, we will denote these two components by Wi. and Ws.: the first component
contains the maps which take Gy to the central vertex ¢ and G5 to the legs L, and the
second contains the maps which takes GGy to ¢ and G to L.

Definition 7.4 For a star graph Sy, we define a leg-tuple to be an ordered sequence of
vertices chosen from L C V(Sk), with the form LT = ({y,, lyy, -+, ln,).

Definition 7.5 For each graph homomorphism f in Wi. C W(G, Sk), there are |Gs|
vertices that get mapped to L. Let the vertices of Gy be labeled as Gy = {w1,ws, -+, W|c,)}-

We define the leg-tuple of f, denoted LT(f), by LT(f) = (f(w1), f(wa), -+, f(wgy))-
Similarly, for g € Wa. we obtain a leg-tuple of length |G|.

12



Example 7.6 Let G = Cg with bipartitions V(Cs) = Gy U Gy = {vy, va, vz }U{wy, we, w3},
and S3 be the star graph with center ¢ and leg vertices L = {¢1,¢5}. Define f : Cs — S5
be the map that sends v; — ¢ and wy; — f3, wy — ¢1, and w3 — f5. Then f will have
leg-tuple LT'(f) = ({2, 01, ls).

V2 w1

C .
w2 {} U1 i) (/\) delfgfled A gIIYSeS LT(f) = (627 gl) €2)

w
v3 ws b Ay 2 w1, W3

Lemma 7.7 The set V(W) is in one-to-one correspondence with the set of leg-tuples of
length |G1| and entries in L.

Proof. Every vertex of W5, corresponds to a graph homomorphism from G to Sy which
send Gy — ¢ and Gy — L, and so defines a leg-tuple LT'(f) = (f(v1), f(v2), -+, f(vicy)))
where each v is in (G;. We show that LT is a bijection. We begin with injectivity. If
two maps f, g define the same leg-tuple, then we know that f(v;) = g(v;) for all vertices
v; € G, and we also know that f(w;) = g(w;) = ¢ for all w; € Gy since f, g € Wa.. Thus
f=g
To see that LT is surjective, let (€, €ny, -+ 5 by g ‘) be a given sequence of leg vertices
and define the graph homomorphism % : V(G) — V(Sk) by h(w;) = ¢ for all w; € G
and h(v;) = {,, for all v; € G;. Then the leg tuple of this homomorphism is LT'(h) =
(Cpyy by - A, Gll). We check that h defines a graph homomorphism: if we have two
adjacent vertices x7 ~ xo € (G, they must be in different partitions, and so x; = v; and
1y = wj for v; € Gy and w; € Gy. Then by definition, h(w;) = ¢ and h(v;) = £, for some
leg vertex /,,,. Because Sy is a star graph, we know that ¢,, ~ c and hence h(z) ~ h(x2).
a
Similarly, the set V (W;.) has a one-to-one correspondence with the set of all possible
leg-tuples of length |G3|. Now that we have linked W (G, T) to leg-tuples, we show that
in fact it has structure given by a well-known graph of tuples called the Hamming Graph.

Definition 7.8 [1/ Given d,q € N and a finite g-element set S, the Hamming graph
H(d,q) is the graph whose vertex set is the set of d-tuples with entries from S, where
vertices are adjacent if their tuples differ in a single entry.

Example 7.9 Shown below are the Hamming graphs H(3,2) where S = {0,1} and the
Hamming graph H(2,3) where S = {0, 1,2}.
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Lemma 7.10 If G is bipartite and Sy, is a star graph, Ws.(G, Si) = H(|G1|,k—1), where
the Hammaing Graph’s corresponding set of size k — 1 is L C Sy.

Proof. We have already shown in Lemma @ that the vertices of Ws. correspond to
leg-tuples, which in turn correspond to vertices of the Hamming graph H(|G4|,k — 1).
Thus, what remains to show is that this bijection from V (Ws.(G, Si.)) to V(H(|G1|, k—1))
is actually a graph isomorphism: Two vertices in Wy, are adjacent when there is a spider
move between their maps f,g : G — Si. This happens exactly when the leg-tuples of
f and g differ by a single entry, which in turn happens exactly when the vertices in the
Hamming graph are connected.

O

An analogous argument shows that Wy, = H(|Gs|,k — 1). For the rest of this paper,
we assume that a Hamming Graph H(d, q) always corresponds to a set L of leg vertices
from a star graph S;. With this we have our final result:

Theorem 7.11 Let G be a connected bipartite graph. Then for k > 2,

Proof. By Theorem we know that W (G, Si) will have exactly two components, Wi,
and Ws., and Lemma [7.10[ shows that

W(G, Si) = H(Gy |,k — 1) + H(|Gal k — 1).
O

Example 7.12 Let G be the domain graph shown below. The webs W (G, S3) and
W (G, S4) both have two connected components, each corresponding to a Hamming graph.

W(?/., ﬁ})g -

H(3,2) H(2,2)
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One somewhat surprising result of this theorem is that W(G, Sx) depends only on the
size of the partitions of G, and not on any additional structure within the graph.

Corollary 7.13 If domain graphs G, H are connected bipartite graphs with |G| = |H;|
and |G| = |Hs|, then W (G, S,) = W (H, Sk).

Example 7.14 The connected bipartite graphs Cs and Tg shown below have identical
partition sizes: The ”squares” partition of Cy is the same size as the "squares” partition
of Ts, and the ”circles” partitions of each are likewise identical in size. Therefore, when
each are mapped to a star such as Ss3, the resulting webs are isomorphic.

QoEARRC AR A
H(3,2) H(3,2)

We can also consider the case when both domain and codomain are star graphs. In
this case, the size of one bipartition of GG is just 1 and we have a component of the
spider web given by 1-tuples, or single entries. In this case, the Hamming graph gives the
following well-known graph:

Proposition 7.15 H(1,q) = K, where K, is the complete graph with q vertices in which
every pair of distinct vertices are adjacent.

Proof. By definition, H(1, g) has ¢ vertices corresponding to 1-tuples in a size g set. Since
each 1-tuple only has a single entry, every pair of distinct vertices will automatically differ
by their single entry and thus have an edge between them. O

Corollary 7.16 W(S,,Sx) = H(n — 1,k —1) 4+ K;_1

Proof. By Theorem we have W(S,,Sy) = H(n— 1,k — 1)+ H(1,k — 1) and by
Proposition this can be further simplified to W (S,,, Sx) = H(n—1,k— 1)+ K;_;. O

I

Example 7.17 Let S3 be the domain and S5 be the codomain. Then W (Ss, Ss)
H(2,4) + Ky.
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