BA 353:  Inventory Management – EOQ Model

A) Assume that a large appliance warehouse consistently sells about 5000 products (e.g., toasters, televisions, refrigerators, etc.) per year. Also assume that each product has an annual holding cost of $5 and every time the warehouse places an order for more products, a $100 setup/ordering cost is incurred.  Calculate the Economic Order Quantity, determine the expected number of orders per year and determine IC, the total inventory cost per year.  Also calculate the Re-Order Point assuming a five-day lead time for deliveries and that the warehouse is open 250 days annually.

D = annual demand (known) = 5000 units.  How would we know demand in advance?

H = holding cost = $5 per unit per year.  If a single unit sits on a shelf for an entire year, we spend $5 holding on to it.  That $5 includes warehouse space, lost interest income (since money is tied up in inventory), depreciation, etc.
S = setup cost/delivery charge = $100.  Each time we place an order, we spend $100 to either place the order and/or get the products delivered.

Since it costs money to have products sitting on the shelves, we don’t want to make place huge orders for thousands of products at a time since many of them will sit on the shelf, collecting dust and costing us money.  On the other hand, since we pay a fixed cost ($100) every time we place an order, we have an incentive to avoid small orders since this means we’re paying the delivery/setup charge too often.  So, we must balance holding and setup.  Large orders mean high holding costs, small orders mean too many expensive deliveries.  Where is the balance?

What do we spend on inventory costs (IC) over the course of the year?  It depends on how much we order at a time, called Q.

Q = order quantity = ?

Almost all inventory problems have a two-part question:  How much, and when?  Q is the first part of this.

Our annual inventory cost IC is


IC = (number of deliveries per year)*(setup cost) + (holding cost)*(average inventory)


= (Demand/Order Quantity)*S + H*(Order Quantity/2)


= (D/Q)*S + H*(Q/2)

We want to find the absolute best value of Q, and by best, we mean the value of Q that minimizes IC.  But first, let’s just try Q = 1000 and see what we get.

If we use Q = 1000, that means we order 1000 units every time we place an order.  So what does that tell us?

How many deliveries do we get annually?  Since we order 5000 total per year and we are ordering 1000 at a time, the number of deliveries is 5000/1000 = 5.  

What is our average inventory level?  Well, we order up to 1000 units, that amount decreases over time until we get low, basically 0, then order 1000 more.  So inventory varies between 0 and 1000, but on average we split the difference and have 500.

What is our inventory cost (IC)?
IC = (D/Q)*S + H*(Q/2) = (5000/1000)*$100 + $5*(1000/2) = (5)*$100 + $5*(500)


= $500 + $2500 = $3000.

We spend $3000 on inventory (deliveries and storage) per year.  We spend way more on holding, $2500, than on deliveries, $500, which seems out of balance.

So, what is the best value for Q?  It’s not Q = 1000, we can do better.

We need to find the best Q given we want to minimize IC = (D/Q)*S + H*(Q/2).  Using calculus, and trust me here, we get the best value for Q to be something called Q* (“Q star”) -- it gets a star for being special – and Q* = EOQ is also know as the Economic Order Quantity.  And

EOQ = Q* = √(2*D*S/H)
So for our problem, Q* = sqrt(2*5000*$100/$5) = sqrt(1000000/5) = sqrt(200000) ≈ 447.  The best order quantity in this scenario is to order about 450 units (OK to round this).  Let’s calculate IC, inventory cost, with this number for Q.

IC = (D/Q)*S + H*(Q/2) = (5000/450)*$100 + $5*(450/2) = (11.11)*$100 + $5*(225) 


= $1111 + $1125 = $2236.  

Note the balance here, we spend about the same on deliveries as we do on holding.  This is the minimum possible cost with Q = 450 and IC = $2236.

TL;DR:  Plug in numbers to Q* formula to find Q* = best amount to order, then plug in Q* into IC formula to find IC = inventory cost.
Recall we had a two-part question, how much and when?  We know the “how much” part – order 450 units at a time.  But “when” should we order?  This is called the re-order point, or ROP.

To find the ROP, we need to know the lead time, which is given as 5 days, and how many days we are open per year, given as 250 (closed weekends and holidays, I imagine).

Now, a five-day lead time means that when we place an order, it doesn’t arrive for five days.  So do we want to wait until our inventory basically hits zero to order?  No, because then while we wait for the shipment, we will run out and face a shortage – not good for business.  We want to order ahead of time, intentionally, so that when we are just about to run out, our delivery arrives and we build our inventory back up to full.

We have that lead time l = 5 and what is our daily demand = little d.  Since we sell 5000 units per year and are open 250 days per year, our daily demand = d = 5000/250 = 20.  We sell about 20 units per day.

If we must wait 5 days for a delivery and we sell 20 units per day, it is time to order when our inventory level drops to 20*5 = 100 units.  This is the ROP.

ROP = l * d = 5 * 20 = 100.

We can now answer the standard inventory question of how much, and when?

How much?  Order 450 units when you order.  When?  When inventory level hits 100.
Every time the amount of inventory drops to 100 or less, order 450 more.
Of course in reality, things vary – lead times aren’t exact, daily demand varies from day to day, etc.  But this is a start.

B) Assume that in problem A), the price of each product is $25.  Calculate TC, the total annual cost of purchasing and storing the products.  Now assume that if the warehouse buys 1000 or more products at a time, the price of each product drops to $24.50 (these types of quantity discounts are quite common).  Should the warehouse buy in units of 1000 and take advantage of the price discount, or should they continue following the EOQ policy in order to minimize costs?
In the last part, we determined that we want to order 450 units at a time because it saves us money by minimizing the annual inventory cost, IC.  Here, we factor in that there is now a quantity discount for ordering more than we might want to.  The supplier does this because they like to ship larger shipments, that provides economies of scale for them.  These are very common in reality.  If you’ve ever ordered t-shirts or whatever for a club or sports team, ordering a single unit is very pricey, but if you order a lot the cost per unit can drop dramatically.

In this case, if we order less than a 1000 units at a time, we pay $25 per unit.  If we order 1000 units or more at a time, the per unit cost decreases by $0.50 to $24.50 – seemingly a small amount, fifty cents, but when applied to every unit we buy, it adds up.

The Question:  Should we continue to order 450 at a time like we want to, but pay full price, or should we increase our amount to 1000, more than we really want, to take advantage of the discount?
To answer this question, we will calculate TC, the total cost annually, which includes deliveries and holding like before, but also the purchasing cost.


TC = p*D + (D/Q)*S + H*(Q/2)

It’s just the IC formula with p*D added to it.  Let’s compare:

If we stick with ordering Q* = 450, then 

TC450 = $25*5000 + (5000/450)*$100 + $5*(450/2) = $125,000 + $2236 = $127,236.

If we change to ordering Q = 1000, then

TC1000 = $24.50*5000 + (5000/1000)*$100 + $5*(1000/2) = $122,500 + $3000 = $125,500.

By changing to Q = 1000, our total cost decreases by (127,236 – 125,500) = $1736 so it does make sense (and cents, ha ha Dad joke) to order in bulk and change our order quantity to 1000.
C) Annual demand for a product is approximately 10,000 units.  The setup/ordering cost is $250 and the annual holding cost is 25% of the purchase price.  The purchase price depends on the order quantity, as listed in the table below.  Determine the optimal order quantity that minimizes TC, the total annual cost.

	Order Quantity
	Purchase Price
	Holding
	Q*
	Effective Q
	TC

	Q < 500
	$32.00
	
	
	
	

	500 ≤ Q < 1000
	$31.50
	
	
	
	

	Q ≥ 1000
	$31.00
	
	
	
	


Let’s solve this one with multiple quantity discounts now.
What do we know:

D = 10000

S = $250

H = holding cost is now 25% of purchase price.  The more it costs to buy the products, the more expensive it is to carry them in inventory.  {In general, holding costs are anywhere from 10% to 50% of the purchase price, depending on a number of factors.}

So in the first row, at full price, H = 25% * $32 = $8.

In the next row, H = 25% * $31.50 = $7.875.

In the last row, H = 25% * $31 = $7.75.

What about Q*?

Since Q* depends on holding cost, it will be a little different for each row.

In the first row, Q* = sqrt(2*D*S/H) = sqrt(2*10000*$250/$8) = 791.

In the second row, Q* = sqrt(2*D*S/H) = sqrt(2*10000*$250/$7.875) = 797.

In the third row, Q* = sqrt(2*D*S/H) = sqrt(2*10000*$250/$7.75) = 803.

Let’s update the table:

	Order Quantity
	Purchase Price
	Holding
	Q*
	Effective Q
	TC

	Q < 500
	$32.00
	$8
	791
	
	

	500 ≤ Q < 1000
	$31.50
	$7.875
	797
	
	

	Q ≥ 1000
	$31.00
	$7.75
	803
	
	


OK, so what is “effective Q?”  Like the Rolling Stones said even before my time (Dad reference), you can’t always get what you want.  We may not get the price we want for what we really want to order.
Consider the first row.  If we are paying full price, $32/unit, the formula says to order about 791 units.  So is there any reason at all to order less than 500?  No.  It’s not economical.  We can skip this one.

Guideline:  If Q* is bigger than the range for Q, not economical, skip it.
Now consider the second row.  We are paying $31.50/unit and the formula says to order about 797 units.  This is in the range of values, 500 < 797 < 1000, so try it, it could be the best choice.  I’m going to round it to 800 (this is OK) just to use a nice even number.

Guideline:  If Q* is in the range for Q, round it to a nice number and try it.

Now the third row.  We are paying $31/unit and the formula recommends ordering 803 units at a time.  Problem:  We won’t get the final $0.50 discount unless we order 1000 or more, even though we want to order 803.  Still, might be worth it.  So, increase amount to the minimum that will get the discount, in this case 1000 units and try it.

Guideline:  If Q* is smaller than the range for Q, increase to the minimum threshold required to score the discount.

Let’s update the table:


	Order Quantity
	Purchase Price
	Holding
	Q*
	Effective Q
	TC

	Q < 500
	$32.00
	$8
	791
	-------------
	-------------------------------------


	500 ≤ Q < 1000
	$31.50
	$7.875
	797
	800
	$321,275


	Q ≥ 1000
Best order quantity.
	$31.00
	$7.75
	803
	1000
	$316,375
Lowest possible cost.


What’s the last step?

Here we need to calculate TC, total cost, for both Q = 800 and Q = 1000 and compare them.  I’m going to cheat here and use Excel.  See the spreadsheet online to get the answers listed in red on the table.
It is cost-effective to order 1000 units, a little more than we want to at a time, because the quantity discount adds up and saves money.
Extra Credit) Reconsider part A).  Assume that daily demand varies normally by ± 20% each day.  Determine how much safety stock is required to achieve a 95% service level?  How about a 99% service level?
